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Taylor-Gortler Instability of Compressible Boundary Layers

Rydji Kobayashi* and Yasuaki Kohamat
Tohoku University, Sendai, Japan

The purpose of this paper is to consider analytically how compressibility of a fluid will affect the instability of
laminar boundary layers along slightly concave walls leading to the onset of longitudinal vortices. Neutral
stability curves representing the relation of the Gorter parameter to the dimensionless wavenumber of the
longitudinal vortices and also distributions of the disturbances at the onset of the vortices are presented. The
results show that the critical value of the Gortler parameter increases about 1.6 times as the freestream Mach
number varies from 0 to 5 in the case of a thermally insulated wall. Effects of temperature ratio (wall tem-
perature to freestream temperature) in cases of an isothermal wall are also discussed.

Nomenclature
G =Rev/R, Gortler parameter
Gy = Gortler parameter at Ma,, =0
L L= )\0 /)\m
:”0//"@:
Ma,, = freestream Mach number
N :pO/poo
Pr = Prandtl number
D =pressure
R =radius of curvature on streamline
Re =peUxf/p, Reyonlds number based on U,
and @
T =temperature
T =T/ T,
t =time
U, =streamwise component of base flow velocity in
laminar boundary layer
U, = freestream velocity
U =U,/U,
u, 0, w =velocity components in x, y, and z direction,
respectively
u = L?/ er
] =Rev/U,
w =Rew/U,
e =wavenumber of longitudinal vortices
%) = growth rate of perturbation
€ = increment of the Gdrtler parameter
(G —Gy) /Gyl :
8 =momentum thickness of laminar boundary laye
K =ratio of specific heats
A =thermal conductivity of gas
" = gas viscosity
Ui =y/0
o =gas density
g = afl, dimensionless wavenumber
T =T/T,

Superscripts and Subscripts

=derivative with respect to

= amplitude of perturbation

=base quantity in laminar boundary layer
=solid wall condition

= freestream condition

g =

Introduction
N the transition problem of laminar boundary layers along
concave curved surfaces, the Taylor-Gortler instability for
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three-dimensional disturbances of the longitudinal vortex type
is called in question, as is the Tolimien-Schlichting instability
for two-dimensional wavy disturbances. The former in-
stability was first successfully investigated by Gortler,! and
has hence been discussed mainly in incompressible flows; that
is, the problem was treated more accurately,>? and the role of
a velocity component normal to a concave wall*® as well as
the effect of heat transfer’ were studied. It was also extended
to rarefied gas flow,® MHD boundary layers,*'" and tur-
bulent boundary layers.'>"® Liepmann'® found ex-
perimentally that the Gortler parameter G is the proper
critical parameter governing boundary layer instability due to
concave curvature. The linear stability theories mentioned
previously were supported by experiments. 71

The effect of gas compressibility on the present instability
was studied by Aihara?® and Hdmmerlin.?! The former
analysis?® is made for two extreme cases of the Mach number,
Ma, <1 and Ma,>1, in which the viscosity u and the
thermal conductivity A are assumed to be constant. The latter
treatment?! is also restricted to Ma, <1, and assumes
o TO78. However, these two previous treatments gave op-
posite tendencies with respect to the effect of compressibility.
Zakkay and Calarese?? observed the longitudinal vortices at
the freestream Mach number 5.75.

In the present paper, we consider the onset of longitudinal
vortices in compressible boundary layers along slightly
concave walls over a wide range of Ma_, where, in order to
assure better accuracy, Sutherland’s formula is adopted for
the temperature dependence of the viscosity. The roles of the
density gradient and the viscosity distribution in the instability
of the boundary layer are discussed.

Perturbation Equations

A curvilinear coordinate system (x,V,z) is used, as shown
in Fig. 1, where x is the arc length of the undisturbed concave
streamlines, y is the distance measured perpendicular to the
concave wall, and z runs along the wall and is normal to the
other two axes. A uniform flow with a velocity U, is directed
along the x axis. For incompressible flow, Smith* considered
the effect of boundary layer growth on the present instability,
and Kobayashi®>® examined the role of vertical velocity
component (V,). In the present analysis the vertical com-
ponent ¥, is neglected for simplicity. We assume that a radius
of curvature R on the concave streamlines remains constant in
the x direction and is large compared with the momentum
thickness 8 of the undisturbed boundary layer. Although in
supersonic flows the pressure along concave walls tends to
depend on Ma,x/R, the principal effect of the pressure
gradient on the stability characteristics of the boundary layer
would be modifications of the base velocity profile U, (y) in
the perturbation equations.
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Fig. 1 Longitudinal
vortices and coordinate
system.

We shall now suppose that a two-dimensional compressible
laminar boundary layer along the concave wall is slightly
disturbed with the type of longitudinal vortices. Physical
quantities in this disturbed flow are expressed as follows:

v="0(y)ef cosaz

p=py(y) +p(y)e’ cosaz
p=py(¥) +6(y)e*cosaz
A=A (¥) +A(y)efcosaz (1)

u=U,(y) +i(y)e”cosaz,
w=w(y)esinaz,

T=T,(y)+T(y)ecosaz,
p=py(¥) +4(y)e¥ cosaz,

Because a wide range of the temperature is treated in the
analysis, we adopt Sutherland’s formula for the temperature
dependence of viscosity:

T \32T,+110.6
) L= T 222 %)

w1 “‘”(Tm T+110.6

Prandtl number Pr and specific heat C, are assumed to be
constant, so that the thermal conductivity \ is obtained from
the relation AN(T) =p(T)C,/Pr. Substituting Egs. (1) into a
system of basic equations of momentum, energy, continuity,
and state, which were written in the present curvilinear
coordinate system; linearizing the obtained equations with
respect to the disturbed quantities; and eliminating p, B A,
and ji with relations A= (d\/dT),T and j= (du/dT),T; we
reach finally the following perturbation equations for neutral
stability (8=0) under the condition MaZf/R <1, which is

used for a condition p,U3p/ (Rp,) <3p/dy:

NO' 1 (UdM S
AN

i+ (In M)’ i’ — o=
0"+ By ()0 +Coln) 0" + Dy () 0"+ Ex () v=F;(n) (4)

" +2(Un LYy 7' +Cs(n)r=F;(n) )
w=—1/o6N(Nv)’ - (6)

where the primes denote differentiation with respect to n and
B,(n)=2(In M)+ (InN)’ (7a)

M”  2M'(In N)’

Colmy=—r+ v +3(n N)” —24g2 (7b)
Dz(n)=11/IL(—1/\'/’1—[\/L + (In M)’ {4(In N) " —242)

+3(In NY"" =g’ (In N)’ (7¢)
E,(n)= M {((InN)Y" +a?}+(In M)’ {2(In N)"*

—262(Un NY' }+(In NY"" —a? (In N) " +0*  (7d)

NU U
Fz("I)ZUZGZV(—ZIZ-F—TTT) (7¢)
C — 2 L” P 1)M2ﬂ EL\’[_
3(n)=—0"+ 2 + Pr(x as, 3 a7

(71)
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PrNT’ MU
5 2Pr(k—1)Ma?2, =

F;(m)=

u’ (72)

As a limiting case of Ma_, —0, the system of the per-
turbation Egs. (3-6) reduces to the previous ones. !

The boundary conditions which arise from the requirement
of no slip at the wall surface (y=0) are u=0=0’ =0 in view
of continuity equation (6). For the purpose of examining the
effects of the thermal boundary condition, we consider two
extreme cases; that is, 7/ =0 for an ideally insulated wall, and
7=0 for completely conducting wall. As for the other four
boundary conditions, it is reasonable to take u=v=0"=7=0
not at the outer edge of the boundary layer but at a point
(y— o) far from the wall, because the longitudinal vortices
grow beyond the boundary layer. For convenience of
numerical analysis we use, instead of the above boundary
conditions as n—oe, the following four identities (8-11})
available everywhere in the outer region of the boundary
layer. With the conditions U’ =0 and 7’ =0, Eq. (3) gives a
solution #=A exp{—on) (A =integration constant), which
satisfies the relation

' +ou=0 8)
Similarly, Egs. (4) and (5) give the relations

7' +o7=0 &)

GZ
ﬁ”+2m}’+020=7(—212+7) (10)

Differentiating Eq. (10) with respect to 5 and using Egs. (8)
and (9), we obtain the fourth identity

Uﬂ/+200”+02l)/=_062/4(—2a+7) (11)

Results and Discussions

The simultaneous differential equations (3-5) were
numerically solved with an iterative procedure, and G was
found as an eigenvalue together with the perturbation am-
plitudes of the velocities # (n), 0(%) and the temperature 7(n)
as ecigenfunctions. In the numerical calculations by finite
difference, the flow field (»=0-18) was divided into 360
segments, and Egs. (3) to (5) were solved by the forward
elimination, backward substitution technique, where the
solutions satisfied the boundary conditions at s =0 and Eqgs.
(8-11) at n=18. w(n) is then obtained from Eq. (6). The base
velocity profile was approximately expressed by the one for a
flat plate, which is typical and well defined. With a stream
function ¥y = (200 pe Usx) " f(£), the temperature Ty =T,
g(%), and an independent variable &= (p U,/ (2usx)) ”
1% (po/ps)dy, the differential equations (MNf")' +ff" =0
and ((MN/Pryg’) +fg’ + («k—=DMa2 MNf"?2=0 were
solved for Pr=0.7.

Figures 2-4 show the velocity profiles U,/ U.,,, distributions
of temperature T,/ T,,, density p,/p, and viscosity u,/pe in
the cases of thermally insulated wall and isothermally con-
ducting walls. Since Sutherland’s formula [Eq. (2)] for u/p o
is a function not only of 7/T, but of T, the freestream
temperature T, =273 K is given for both the insulated wall
and the conducting wall with T,,/T, =1.2, whereas for the
caseof T,,/T, =0.5 two temperatures, T, =273 K and 1000
K, were considered, because the latter is rather practical for
strong cooling. It was ascertained for 7,/T,=0.5 and
Ma , =5 that, when the freestream temperature changes from
1000 K to 273 K, variation of the velocity profile in Fig. 2 is
less than 10%, and those of the temperature, density, and
viscosity in Fig. 4 are less than 5%. The effect of base velocity
profile on the present instability was examined for in-
compressible boundary layers by Gértler,! Hammerlin,” and
Kobayashi. %!t Based on this, it is expected that the slight
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Fig. 2 Base velocity profiles in compressible laminar boundary
layers.
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Fig. 3 Distributions of temperature, density, and viscosity in base
boundary layers (insulated wall).
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differences in U,/U, with wide variation in Ma,, shown in
Fig. 2 will not change G. The fact is in contrast to the critical
Reynolds number for Tollmien-Schlichting instability leading
to two-dimensional wavy disturbances, in which case the
critical Reynolds number depends sensibly on the base
velocity profile in boundary layer.3?* For the compressible
boundary layers, it will be of interest to see how the existence
of density gradient and the increase in viscosity seen in Figs. 3
and 4 affect the critical Gortler parameter.

In Figs. 5 and 6, neutral stability curves are shown with the
relation of G to the dimensionless wavenumber o of the
longitudinal vortices for different values of Ma,,. The stable
range is below each neutral curve. Figure 5 is for the insulated
wall, in which the results by Aihara?® and Hammerlin?' are
compared. The present results indicate that the stable region
becomes larger with increasing Mach number. Rayleigh’s
criterion in the case of inviscid flow with curved streamlines
states that the flow is unstable when the circulation decreases
in the radial direction (in the negative direction of the y axis
for the present coordinate system). The criterion is modified
for a case with density variation as follows:

Idp()+*2_d(RU()) < (0 stable (12)

po dy RU, dy > 0 unstable

From Eq. (12) it is seen that the positive density gradient,
shown in Fig. 3 with broken lines, makes the boundary layer
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Fig. 6 Neutral stability curves
(isothermal wall). T =273 K
for T7,,/T, =12, T, =1000 K
for 7, /T, =0.5.
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Fig. 7 Variations of G with

temperature ratio 7T, /T,
under isothermal condition
(T, =273 K). —Ma, =0
— - ~Ma, =5.

more unstable as compared with the corresponding in-
compressible boundary layer. On the other hand, the viscosity
po of the gas becomes large in the compressible boundary
layer. Since G for the neutral state is defined with the
freestream condition (p,,, po ), it increases because the ef-
fective viscosity in the boundary layer becomes large. It can,
therefore, be said that the stabilization due to the com-
pressibility of the gas, shown in Fig. 5, results because the
effect of the increase in viscosity is quantitatively more
predominant than the opposite effect of the positive density
gradient. The result by Aihara was obtained under an
assumption that the viscosity remains unchanged. It follows
that G decreases as Ma,, increases from 0 to 0.5. Hammerlin
adopted the dependence of the viscosity on the temperature by
a relation p, 7%7® and a constant Prandtl number 0.72, and
solved the perturbation equations with power series
development of MaZ . His result by considering the per-
turbation equations up to terms of Ma? indicated that G
becomes larger as the Mach number increases. For example,
the increase in G for Ma_ =010 0.51is 1.7% for ¢ =0.2 from
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Fig. 8 Perturbation amplitude for velocities @#/0,,,, U/Upay,

W/Una, and temperature /0., at onset of longitudinal vortices

(¢ =0.2). —insulated wall; — - —7T /T, =12; ----T /T, =0.5

(T, =273K).

the present results, while the corresponding result by Ham-
merlin is 5.4%. It is found that there are differences between
the three results for Ma,, =0, which occur for the following
reasons: Aihara divided the boundary layer thickness into five
segments. Hammerlin adopted another coordinate system, in
which the radius R of curvature on streamlines increases
exponentially in the y direction. It is known'? that flows with
such streamlines have larger values of G than ones with the
constant radius of curvature.

Figure 6 shows neutral curves for two cases of the con-
ducting wall: temperature ratio 7,,/T, =1.2 at T, =273 K
and T,/T, =0.5 at T, =1000 K. As shown in Fig. 4, the
density profile p,/p, has not only positive but negative
gradients. The viscosity profile has also two regions of
Uo>te and py)<pe. It might, therefore, be said that the
effects of the variation of the density and viscosity on the
present instability are complicated compared to the one for
the insulated wall. For the insulated wall, the increment e of

AIAA JOURNAL
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Fig. 9 Variations of center 5, of
longitudinal vortices with wave-
number ¢ and Mach number Ma,, .

the Gortler parameter (e=(G—G,) /G, G, is the value of G
at Ma, =0) reaches more than 60% at Ma, =5. The
moderate cooling of the solid wall (T,,/ T, =1.2) decreases €.
The strong cooling (7T,,/T, =0.5), however, increases the
value of e. The fact seems to come from the stabilizing effect
of the negative density gradient shown in Fig. 4. T, itself has
also some effects on ¢. Typically for Ma,, =5, T,,/T, =0.5,
and 0=0.2, ¢ falls from 66% for T, =273 K to 51% for
T, =1000 K. To clarify the effect of temperature ratio
T,/T, more precisely, G is given as a function of T,/ T, in
the two cases of Ma,, =0and S in Fig. 7. [t shows that T,/ T,
has less effect on the value of G at higher Mach numbers.

A typical set of the distributions of the perturbation am-
plitudes for velocities (#, U, w) and the temperature 7 at the
onset of longitudinal vortices are illustrated in Figs. 8a-d for
0=0.2 in the case of insulated wall. The figures show that the
locations 5 of the maximum (v.,,) and the minima (u,,
Wpin ) move away from the wall with increasing Mach number.
The location 5 for w=0in Fig. 8c agrees with the center of the
longitudinal vortices, as seen from Eq. (1). Figure 9 gives the
location 7, of the vortex center in relation to the wavenumber
¢ and the Mach number Ma,,. The center . moves closer to
the wall as the wavenumber ¢ increases, but moves away from
the wall with increasing value of the Mach number Ma,,. The
cooling of the wall has a remarkable effect on the location ...

Conclusions

For compressible laminar boundary layers along concave
curved surfaces, it was theoretically considered, over a wide
range of Mach numbers, how the compressibility of the gas
affects the Taylor-Gortler instability leading to the onset of
longitudinal vortices. The results are summarized as follows:

1) The neutral stability curves show that the boundary
layer becomes more stable as the Mach number increases. The
effect of the Mach number goes the same way as those in the
Tollmien-Schlichting instability for supersonic Mach num-
ber. 25,26

2) The present stabilizing effect is considered to result
because the stabilization due to the increase in effective
viscosity has outweighed the destabilization due to the
positive density gradient.

3) For isothermal walls, the temperature ratio T,,/T,, has
less effect on the critical value of G as Ma,, is increased.

4) Distributions of the perturbations (velocities and
temperature) at the onset of longitudinal vortices were
presented. The center of the vortices moves further from the
solid wall as the Mach number becomes larger.
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